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Von Neumann-Gale model because the framework-that originally aimed at the modeling of economic growth-turned out to be very natural in connection with financial issues. The financial aspects pose a number of interesting new questions, which are currently only partially answered and which indicate directions for further work.
The basic mathematical framework of the von Neumann-Gale model is that of set-valued dynamical systems, e.g. Akin [2] . Dynamics of such systems are described by multivalued operators specifying for every state of the system "today" a set of possible states "tomorrow." The characteristic features of the operators associated with the von Neumann-Gale model are certain properties of convexity and homogeneity. A profound mathematical study of such dynamical systems has been carried out by Rockafellar [53] , Makarov and Rubinov [41] and others. In the stochastic case, one has to deal with random set-valued dynamical systems possessing analogous properties of convexity and homogeneity. For an introduction to the theory of random dynamical systems see Arnold [8] .
In the theory of economic growth, the von Neumann-Gale model occupies quite a special position. By and large, models of economic growth prevailing in the current literature belong to one of the following two types. They either assume that the growth rates of economic factors (e.g. labor) are given exogenously, or consider the phenomenon of economic growth from the point of view of endogenous changes in the technology or production functions. Examples of models of the former kind are those proposed by Solow [56] and Ramsey [52] . The analysis of process of growth in such models consists essentially in the study of optimal proportions of growth (e.g. expressed in terms of per capita quantities). In this context, paths of the system can exogenously be normalized, after which the work basically reduces to the analysis of optimization problems with bounded state variables. The stochastic theory of such models is well developed. Foundations for it were laid in the 1970s and 1980s in the work of Dynkin, Radner, Brock, Mirman, Bewley, Dana, Majumdar, Mitra, Zilcha and others. Results obtained in this field have been reflected in a number of surveys and monographs, e.g. Mirman [44] , Dynkin and Yushkevich [20] , Arkin and Evstigneev [7] , Stokey, Lucas and Prescott [59] , Brock and Dechert [13] , Roy and Olson [54] , containing references to the original papers. For more recent work, see Amir [4] , Amir and Evstigneev [5] , Mitra, Montrucchio and Privileggi [45] and Stachurski [58] .
Models of the second kind-in which endogenous changes in the production function or technology are analyzed-are systematically reviewed, for example, in Aghion and Howitt [1] and Barro and Sala-i-Martin [11] . The theory of stochastic endogenous growth models is still in its infancy. Results in this direction have been obtained by de Hek [14] and de Hek and Roy [15] .
The von Neumann-Gale model does not fit into either of the above two classes of models. The "technology" in it is given exogenously, and in the stationary deterministic case, it does not change in time. However, the growth rates are endogenous: they are derived from the model itself. The maximum growth rate (the von Neumann rate) is a solution to an optimization problem A very important feature of the von Neumann-Gale model is that it focuses-primarily-on the analysis of growth rates. Growth rates are measured in terms of price systems (or objective functions) satisfying some very general assumptions. This is in contrast with many other models presuming the existence of a social planner whose objective, being expressed as the maximization of the sum of discounted utilities, represents the objective of the whole economic system. The von Neumann-Gale model can fit situations where the assumption of the existence of such a social planner seems to be restrictive and does not reflect the content of the economic problem under study. Further, it should be noted that the von Neumann-Gale model admits any number of sectors, while most of the growth models prevailing in the current literature confine to the cases of one, two or at most three sectors. Typically, studies in this field deal with most general situations, rather than analyzing growth in specialized settings. All the above features, combined with the richness of the relevant theory, make the von Neumann-Gale model and its stochastic generalization interesting objects of study. We hope that this survey will attract attention and effort to this fruitful and fascinating area of research.
The paper consists of two parts, dealing with the deterministic and the stochastic versions of the von Neumann-Gale model respectively. Our presentation of the deterministic version of the theory differs in a number of respects from the conventional ones; it is aimed primarily at stochastic generalizations. We first describe the main concepts and results in Part I and then consider their probabilistic analogues in Part II. We set out the deterministic theory by using only elementary means. To make the presentation self-contained, we provide in the Appendix formulations of some fundamental results related to convexity and optimization. Part II, dealing with stochastic models, is more advanced; it assumes that the reader is familiar with basic concepts of Probability and Functional Analysis.
I. THE VON NEUMANN-GALE MODEL: THE DETERMINISTIC CASE
1.2 The model and the main concepts
Basic definitions
In its classic, deterministic form, the von Neumann-Gale model is specified by a family of cones with p t−1 y t−1 = 0. The growth rate is computed by using the sequence of linear functions p t x that assign an "aggregate value" to any state x ∈ R n + of the system at each time t (various interpretations are discussed below). Condition (1.2) is a non-degeneracy assumption requiring a strictly positive valuation p t x t of each state x t of the path {x t }. It is easily seen that, if (1.2) holds, we can replace p t by p t /p t x t and obtain additionally that p t x t = 1 (1.5) for all t. Thus rapid paths {x t } N t=0 can be defined as those for which there exists a sequence {p t } N t=0 of vectors in R n + for which conditions (1.3) and (1.5) hold. Instead of describing the von Neumann-Gale model in terms of a sequence of cones Z t , we can equivalently specify it in terms of multivalued (set-valued) operators x → A t (x), where A t (x) = {y : (x, y) ∈ Z t }.
(1.6) It will be assumed that A t (x) = ∅ for each x ∈ R n + which means that the projection of the cone Z t on the first factor in the product R n + × R n + coincides with R n + . Paths (trajectories) of the multivalued dynamical system generated by the sequence of set-valued operators x → A t (x) are defined as sequences {x t } satisfying x t ∈ A t (x t−1 ).
(1.7)
Clearly, relation (1.1) is equivalent to (1.7), and so the class of such sequences coincides with the class of paths in the von Neumann-Gale model. Since the graph Z t = {(x, y) ∈ R n + × R n + : y ∈ A t (x)} of A t (·) is a cone, the mapping A t (·) possesses the following properties:
(1.8)
(1.9) A linear combination of two sets in a vector space is defined as the set of pairwise linear combinations of their elements: A + A = {a + a : a ∈ A, a ∈ A } and λA = {λa : a ∈ A}. Conversely, if conditions (1.8) and (1.9) hold, then the graph of A t (·) is a cone.
There are important cases of multivalued dynamical systems of the above type that are defined in terms of single-valued operators. Suppose that 10) where
(all inequalities between vectors, non-strict and strict, are understood coordinatewise). In mathematical economics contexts, dynamical systems of this kind have been studied, in particular, by Solow and Samuelson [57] and Nikaido [47] . The analysis of paths of such systems reduces essentially to the analysis of prod-
The case where D t = D is a nonnegative linear operator (independent of t) is perhaps the simplest, but at the same time, a quite important one. The study of such systems reduces to the analysis of the iterates D t , t = 1, 2, ..., of the nonnegative matrix D. In the deterministic case, these questions are studied by using results related to the Perron-Frobenius theorem (see the Appendix, Theorems C.1 and C.2). Non-linear generalizations of the Perron-Frobenius theorem applicable to the analysis of dynamical systems (1.10) are reviewed in the monograph by Nussbaum and Verduyn Lunel [48] .
Consider the sets Z * t in R 2n + (t = 1, 2, ...) consisting of pairs of nonnegative vectors (p, q) satisfying
(1.13)
Clearly Z * t are closed cones, and the sets
are non-empty for each p ∈ R n + (since 0 ∈ A * t (p)). The cones Z * t define the von Neumann-Gale model which is called the dual to the original one. The multivalued operators (1.14) define the multivalued dynamical system dual to the one specified by (1.6). Paths of the latter, i.e. sequences {p t } N t=0 satisfying 
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Von Neumann-Gale model
Nonlinear von Neumann models
In the applications of the von Neumann-Gale model, the coordinates x i t of vectors x t = (x 1 t , ..., x n t ), describing states of the system under consideration, may represent various economic or financial variables. In this paper, we consider two basic fields of applications of the von Neumann-Gale model-the theory of economic growth and the analysis of dynamics of financial markets. We will begin with a description of a framework aimed at the analysis of economic growth; in the next subsection, we will consider examples related to finance.
Suppose that the economic system under consideration consists of n components or "economic units," for example, sectors of an economy, regions in a country, or countries-in a model of international trade and/or cooperation. Suppose that the state of the system at time t = 0, 1, ... is characterized by a vector x t = (x 1 t , ..., x n t ), whose coordinates x i t are construed as intensities of operating the ith unit. The numbers x i t may represent, in particular, the levels of use of an exogenous production factor (e.g. labor or energy) in unit i, or the level of investment in unit i, or its total income, etc. The set of feasible intensity vectors x t is denoted by X t . The set X t is supposed to be a cone; typically,
There are m commodities in the economy that are produced and consumed in each of the units i = 1, 2, ..., n. (Usually the number of such commodities is supposed to be small and they are understood as aggregates-food, fuel, vehicles, etc.) Two nonnegative vector functions of x ∈ X t are given:
If the units i = 1, 2, ..., n are run at intensities x i t , i = 1, ..., n, the total input (at time t) is described by the vector of commodities
and the total output (at time t + 1) is represented by the commodity vector
, where x t = (x 1 t , ..., x n t ). Outputs obtained at the end of each time period are used as inputs in the next time period, free disposal being allowed, so that
We can include the dynamical system at hand into the framework of the von Neumann-Gale model by setting
If Φ t and −Ψ t are homogeneous of degree one and concave in each coordinate, then Z t is a cone. Paths {x t } of the von Neumann-Gale model specified by the cones Z t , t = 1, 2, ..., defined by (1.17) are those and only those sequences {x t } that satisfy (1.16). The properties of homogeneity of Φ t and Ψ t express the hypothesis of constant returns to scale. The concavity of Φ t and convexity of Ψ t reflect the "advantages of cooperation:" by combining (mixing) activities of different units i = 1, 2, ..., n, one can gain in output and reduce input.
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In models of this kind, the process of economic growth is treated as the process of time evolution of the intensity vectors x t , the constraints on possible ways of evolution being given by (1.16) or, equivalently, by (1.17) . We are interested primarily in those paths of the system which maximize growth rates (1.4) defined in terms of some vectors p t ∈ R n + . If the intensities x i t are measured in terms of an exogenous factor, then the coordinates p i t of the vectors p t involved in the definition of rapid paths may be construed as ("local," prevailing at unit i) prices of this factor. If the output mapping Φ t (x) = Φ t x is linear, we can use for comparing growth rates of paths linear functions p t x of the form p t x = q t Φ t x, expressing the value of the total output in the system for the intensity vector x and the commodity price vector q t = (q
One can include consumption into the model as follows. The mapping Φ t can represent the net-of-consumption output. Alternatively, Ψ t may be viewed as a "consumption plus production input" vector.
In his seminal paper, von Neumann [60] considered a version of the above model with linear mappings Φ t (x) = Φ t x and Ψ t (x) = Ψ t x. In the von Neumann model, the cones Z t are given by Given technology matrices Φ t and Ψ t , or their nonlinear counterparts Φ t (·) and Ψ t (·), we can study economic growth by analyzing paths {u t } in the commodity space R m + , rather than paths {x t } in the space R n + of intensity vectors. To this end we can define the cones (technology sets): 
Modeling financial markets
It has recently been observed (Dempster, Evstigneev and Taksar [18] ) that the von Neumann-Gale model can serve as a convenient vehicle for the modeling of financial markets with "frictions," i.e. transaction costs and trading constraints. We will outline a framework covering a number of examples of this kind. In the financial applications, the most interesting questions make sense only in stochastic models, where uncertainty is involved in a non-trivial manner. Therefore we will quite briefly touch the deterministic case in this introductory section, leaving a more comprehensive discussion of financial models for later.
Consider a financial market in which n assets are traded. For each t = 0, 1, ... the vector S t = (S 1 t , ..., S n t ) > 0 of asset prices is given. The number S i t stands for the price of one unit of asset i at time t. Let us assume that vectors
n represent portfolios of assets: h i t is the ith position of portfolio h t specifying the number of ("physical") units of asset i in the portfolio. Generally, portfolio positions might be both positive and negative. The latter case means a possibility of short sales of some of the assets-this is allowed in the theory of frictionless markets. There are various restrictions on short sales in real markets, and therefore it is important to consider those models where these restrictions are taken into account. By contrast with the conventional theory, we will assume in this paper that short sales are not allowed, and so h t ∈ R n + for all feasible portfolios h t . Such models fit quite well the von Neumann-Gale framework.
A trading (investment) strategy is a sequence of feasible portfolios {h t } N t=0 , where h t is the portfolio held by the investor at time t. It is supposed that the investor might change his/her portfolio reacting on the changes in the asset prices (which are supposed to be random in the stochastic case). A key role in many aspects of mathematical finance is played by the notion of a self-financing trading strategy. 3 This is an investment strategy that can be implemented without outside funding. In each time period, the investor can rebalance his/her portfolio, i.e. transform it by buying assets only at the expense of selling some other assets. The analysis of self-financing trading strategies is based on the consideration, for each time period t, of the set
+ : portfolio h can be rebalanced into portfolio g}. (1.20) If there are no transaction costs (and portfolio positions are measured in terms of physical units of assets), then the set K t is as follows:
( 
We can consider the von Neumann-Gale model defined by the cones (1.25) , and then analyze self-financing strategies as paths in this model. If transaction costs are present, portfolio rebalancing leads to a loss in wealth, and, in general, one cannot transform a portfolio into another portfolio with the same value. As an illustration, we will briefly describe a way of introducing transaction costs into the model in which portfolio positions are measured in physical units of assets. We will confine the analysis to the case of proportional transaction costs. This means that the set K t (see (1.20) ) describing the rebalancing constraints is supposed to contain with each pair (h, g) of vectors all pairs of vectors of the form (λh, λg), where λ ≥ 0. Furthermore, we will assume that if there are two portfolio pairs (h, g) and (h , g ) such that h and h can be transformed into g and g , respectively, then h + h can be transformed into g + g . This means that the set (1.20) is a cone, and so we are in the von Neumann-Gale framework. The assumptions imposed are fulfilled in most of the transaction cost models considered in the literature. A typical example of K t is as follows: a pair of portfolios h, g ≥ 0 belongs to K t if and only if 26) where, for a real number a, we denote a + = max{a, 0}. Inequality (1.26) expresses the fact that, when rebalancing a portfolio h into a portfolio g, purchases of assets are made only at the expense of sales of other assets, the transaction costs being taken into account. The transaction cost rates for buying and selling are given by the numbers λ
It is easily verified that the set K t defined by (1.26) is a cone.
Stationary models
Let us return to the general von Neumann-Gale framework (see 1.2.1). In the study of various aspects of the von Neumann-Gale model, the primary focus is on the stationary case-where the cones Z t do not change in time:
The seminal papers of von Neumann [60] and Gale [30] focused on this case. In the stationary setting, the following notion plays an important role. A path {x t } is called balanced if x t is of the form x t = λ t x, t = 0, 1, ..., where λ is a strictly positive number and x ≥ 0 is a vector with |x| = 1. This notion expresses the idea of growth at a constant rate (determined by the factor λ) and with constant proportions (determined by the coordinates of the vector x). Clearly, those and only those pairs λ, x define balanced paths for which λ > 0, |x| = 1 and (x, λx) ∈ Z.
(1.27)
A balanced path x t = λ t x for which the growth factor λ is a maximum is called a von Neumann ray. To find those x and λ which determine a von Neumann ray, we have to maximize λ over all pairs λ, x satisfying (1.27).
Those balanced paths are of primary interest which are rapid. Recall that rapid trajectories are those for which there exists a supporting dual path-a sequence of vectors {p t } satisfying (1.3) and (1.5), or equivalently (1.15) and (1.5 
are satisfied and the conditions listed in (1.27) hold for x =x. According to the definition of a balanced dual path, the valuation p t x of any state x of the system is λ −t px, where the number λ −1 is the discount factor. In a von Neumann equilibrium, this number coincides with the inverse of the growth factor λ of the balanced path {λ tx }. Note that if (x, p, λ) is a von Neumann equilibrium and the vector p is strictly positive, then λ is the maximum growth factor among all balanced paths, and so {λ tx } is a von Neumann ray. Indeed, suppose (x , λx ) ∈ Z, |x| = 1. Then, by setting x = x and y = λ x , we obtain from (1.24) that pλ x /λ ≤ px , which implies λ ≤ λ because px > 0.
One more comment is in order. Consider the stationary versions of two nonlinear von Neumann models (1.17) and (1.19) in which the mappings Φ t = Φ and Ψ t = Ψ do not depend on t. The former is defined in terms of the cone
Paths {x t } of the former are sequences of intensity vectors, while paths {u t } of the latter are sequences of commodity vectors. It can be shown under quite general assumptions that the existence of a von Neumann equilibrium (x, p, λ) in the former model implies the existence of a von Neumann equilibrium (ū, q, λ) in the latter and vice versa.
A proof of the existence of an equilibrium in a stationary version of the von Neumann model (of the second kind, in our classification) with linear Φ and Ψ was the main result of the von Neumann's paper [60] . To comment on the meaning of this result, consider an equilibrium (ū, q, λ) in the model at hand and assume, additionally, that q > 0. Then λ may be regarded as the expansion factor of the economy-the maximum of those numbers α for which there is a feasible balanced path {α t u} in the commodity space R m + . A fundamental implication of the existence of such an equilibrium is the conclusion that the expansion factor λ is equal to µ, where µ −1 is the greatest admissible discount factor. This is the greatest number for which there exists a commodity price vector q > 0 satisfying
Observe that if inequality (1.29) does not hold for some price vector q and some input-output pair (u, v) ∈ W , then the maximum of the net discounted profit 
is the greatest admissible discount factor. Further aspects of the concept of von Neumann equilibrium and related deterministic notions are discussed in Gale [30, 31] , Rockafellar [53] , Nikaido [47] , and Makarov and Rubinov [41] .
Assumptions and results

Assumptions
The standard assumptions on the cones Z t , defining a von Neumann-Gale model are as follows:
These assumptions are imposed for every t for which Z t is given. Condition (Z.2) says that the ratio |y|/|x| of the norms of the output vector y and the input vector x is uniformly bounded for all (x, y) ∈ Z t and t = 1, 2, .... Assumption (Z.3) is a "free disposal" hypothesis. Condition (Z.4) is a non-degeneracy assumption guaranteeing, in particular, the existence of paths {x t } with strictly positive x t .
Assumptions (Z.1)-(Z.4) will be supposed to hold throughout the paper.
If the model is stationary, i.e. Z t = Z does not depend on t, then hypothesis (Z.2) holds if the cone Z is closed and satisfies the following condition. 
We denote by e i the vector with the ith coordinate being equal to one and all others being equal to zero. The most complete theory can be developed (especially in the stochastic case) if the cones Z t possess certain properties of strict convexity. Two conditions will be employed, in particular, for establishing results regarding the asymptotic behavior of rapid paths. The first expresses a property of strict convexity of Z t with respect to x and the second with respect to y (these properties hold uniformly in t).
(SC1) For all > 0, there exists a number ρ( ) > 0 having the following
(SC2) For all > 0, there is a number τ ( ) > 0 with the following property. If (x, y) ∈ Z t , (x , y ) ∈ Z t satisfy |x| = |x | = 1 and |y − y | ≥ , one can find a vector w ∈ R n + for which (x + x , y + y + w) ∈ Z t and |w| ≥ τ (ε).
In Section 1.5, we formulate conditions on the mappings Φ t and Ψ t of in the nonlinear von Neumann model (1.17) that guarantee the validity of all the assumptions imposed (these conditions are formulated in the more general, stochastic setting).
Finite rapid paths
We point to several groups of results that constitute the core of the theory of the von Neumann-Gale model. These results are concerned mainly with properties of rapid paths over finite and infinite time horizons. The emphasis is on growth properties of such paths. Some of the results are obtained in the general, non-stationary framework. However, the stationary case is regarded as a central one, in particular, because a number of notions introduced above (such as the von Neumann equilibrium) pertain only to the stationary version of the theory. Proof of Theorem 1.3.1. Consider the following maximization problem: defined byā t = b t = x t is a solution to the above maximization problem. Indeed,θ satisfies constraints (1.32) and (1.33) because ξ is a path with initial state x 0 , and we have
satisfying (1.32) and (1.33), the sequence {x 0 , a 1 , a 2 , ..., a N } is a path with initial state x 0 (by virtue of hypothesis (Z.3)), and
, which proves the optimality ofθ.
We are going to apply the Kuhn-Tucker theorem (see the Appendix, Theorem A.1) to the concave optimization problem (1.31)-(1.33). From (Z.3) and (Z.4), it follows that (e, κe) ∈ Z t (t = 1, 2, ..., N ) for some κ > 0. Defině
and µ > 0 is some number satisfying µe < x 0 and µ < κ. Then we havě b t >ǎ t for all t = 0, ..., N , and so the Slater condition holds. By virtue of the Kuhn-Tucker theorem, there exist vectors
satisfying (1.32) and b 0 = x 0 . From (1.34), we get By setting a N = x N + e i in (1.36) and using the strict monotonicity of ψ, we find
Replacing p t by p t /p t x t we obtain that p t x t = 1, and so the dual path {p t } supports {x t }. Hence the path {x 0 , ..., x N } is rapid, which completes the proof. 
Infinite rapid paths: existence and quasi-optimality
Infinite rapid paths can be constructed by passing to the limit from finite paths of length N , as N tends to infinity. (N = t, t + 1, ...). By using considerations of compactness, we find a sequence
and so {x 0 , x 1 , ...} is a path. By passing to the limit in the relations p 
which proves (1.39). Remarkably, if the strict convexity assumption (SC1) holds, only one infinite rapid path emanates from each initial state x 0 > 0. Of course, this is not the case for finite paths. Given N < ∞, by maximizing different functions ψ(x N ) of the terminal state x N (for some fixed x 0 ), we can generally obtain different rapid paths. The uniqueness of infinite rapid paths follows from the turnpike theorems we discuss below.
Turnpike theorems
These theorems express the idea that all rapid paths have an inclination for leaning to essentially the same route (the "turnpike"). In the stationary case, this route is the von Neumann ray. In order to formulate the results regarding the turnpike properties of rapid paths we have to specify how we measure deviations of such paths from each other. To this end we introduce the following definitions. For any x, x ∈ R n + such that |x| > 0 and |x | > 0, we define
The number d(x, x ) is the "angular distance" between the vectors x and x . For two paths {x t } and {x t }, the number d(x t , x t ) shows to what extent the directions of the vectors x t and x t at time t differ from each other. In some applications, it is important to compare not only the directions of trajectories {x t } and {x t }, but also their growth rates measured, for example, by
shows that the growth rates are close to each other if the value of D is small. As is easily seen, the functions d and D are pseudometrics (they are nonnegative, symmetric, and satisfy the triangle inequality). 
(c) Fix some constant θ > 0. Suppose the initial vectors x 0 and x 0 of the rapid paths (1.44) 
Then, in assertions (a) and (b), the time interval
The theorem formulated can be applied to situations when both trajectories {x t } and {x t } are finite (N < ∞), {x t } is finite and {x t } is infinite (N < ∞, N = ∞), and both {x t } and {x t } are infinite (N = ∞). If N < ∞, then by virtue of assertion (a) of Theorem 1.3.4, the paths {x t } and {x t } are close to each other for those moments t which are far enough from the ends of time interval {0, 1, ..., N } . Note that the number L depends only on ε but not on {x t }, {x t }, N and N . If N = ∞, i.e. both {x t } and {x t } are infinite, then the trajectories {x t } and {x t } converge to each other in the sense that Versions of the results contained in Theorem 1.3.4 can be found, e.g., in the monographs by Nikaido [47] and by Makarov and Rubinov [41] . Excellent surveys of turnpike results are the papers [42] and [43] by McKenzie, one of the founders of the turnpike theory. First turnpike theorems for the stochastic von Neumann-Gale model were obtained by Evstigneev and Kuznetsov [25] . For a proof of Theorem 1.3.4 and its stochastic generalization see Anoulova, Evstigneev and Gundlach [6] .
The stationary case: von Neumann ray and von Neumann equilibrium
This group of results includes the following key facts.
(a) The existence of a von Neumann ray. This fact is proved in the deterministic case quite easily. For a proof, it is sufficient to observe that the set of those (x, λ) ∈ R n + × R 1 + satisfying |x| = 1 and (x, λx) ∈ Z is compact (by virtue of (Z.1) and (Z.2)) and contains a pair (x, λ) with λ > 0 (by virtue of (Z.3) and (Z.4)).
(b) The existence of a von Neumann equilibrium can be established based on the following assertion. Proof. Consider the sets
Observe that B ∩ C = ∅. Suppose the contrary. Then y − λx > 0 for some (x, y) ∈ Z. The last inequality will remain valid if we replace λ by λ > λ which is sufficiently close to λ. Then λ x < y and, by virtue of (Z.3), (x, λ x) ∈ Z.
Observe that x = 0: otherwise y = 0 by virtue of (Z.2), and so the inequality y − λx > 0 cannot hold. By setting y = x/ |x|, we get (y, λ y) ∈ Z, |y| = 1, λ > λ, which contradicts the definition of the von Neumann growth factor λ.
The sets B and C are convex and disjoint, and by virtue of a separation theorem (see the Appendix, Theorem B.1), there exists q ∈ R n , q = 0, such that qc ≥ qb for all c ∈ C, b ∈ B. Since 0 ∈ B, we obtain that qc ≥ 0 for all c ∈ C, and so q ≥ 0. Since qb ≤ 0 for all b ∈ B, we have
Let us show that q > 0. By virtue of (Z.5), for each i = 1, 2, ...n, there is a path {y 0 , y 1 , ..., y m } such that y 0 = e i , y m ≥ γe. In view of (1.46) and because q = 0, we have
and so q > 0. Define p = q/qx (> 0). Then px = 1 and py/λ ≤ px for all (x, y) ∈ Z. Consequently (x, p, λ) is a von Neumann equilibrium.
(c) Quasi-optimality of the von Neumann ray. Since a von Neumann ray is a rapid path, it is quasi-optimal (see Theorem 1.3.3). As it was mentioned above, this property is valid for all rapid paths. However, in the stationary context, this property acquires an important additional content. The von Neumann ray is a path of a special structure: it is balanced. Thus we obtain that there is a balanced path that is quasi-optimal among all, not necessarily balanced, ones.
(d) The positive matrix case. Consider a stationary model defined by Thus we have proved the following theorem. 
Duality and reachability
All the results we reviewed were aimed first of all at the analysis of growth properties of paths in the von Neumann-Gale model. The topic we will consider now has a somewhat different focus. Fix some finite time horizon N < ∞ and consider two states x ∈ R n + and y ∈ R n + of the von Neumann-Gale dynamical system (1.1). Let us say that y can be reached from x and write (x, y) ∈ Z if there exists a path x 0 , ..., x N such that x 0 = x and x N = y. Of interest is the reachability problem dealing with a characterization of the set Z. This characterization is typically given in terms of dual paths, as described in Theorem 1.3.7 below.
Let us say that a dual path {p 0 , . Consider the problem of maximization of f (θ) = qa N −pb 0 over all sequences θ = {(a t , b t )} N t=0 satisfying (1.32) and (1.33). Since qb−pa ≤ 0 for all (a, b) ∈ Z, the maximum value of f (θ) in the above problem is zero. By applying the KuhnTucker theorem along the same lines as it was done in Theorem 1.3.1 (relaxing the constraints (1.33)), we construct a dual path {p 0 , ..., p N } satisfying p 0 ≤ p and q ≤ p N . These inequalities imply p 0 x < p N y and p N > 0, so the dual path constructed is strict.
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Remark 1.3.2. In the course of the proof of the above theorem, we established (under the assumptions imposed) that the set of strict dual paths is non-empty. Indeed, we considered any (x, y) / ∈ Z and constructed a strict dual path satisfying p 0 x < p N y. We can consider, for example, (x, y) := (0, e); this pair of vectors does not belong to Z by virtue of (Z.2).
Remark 1.3.3.
We have assumed up to now that the cones Z t (t = 1, ..., N ) defining the von Neumann-Gale model under consideration are contained in R n + × R n + , where n does not depend on t. All the assumptions and results in this subsection-dealing with the case of a finite time horizon N -can easily be extended to the setting where Z t ⊆ R n t−1 + × R n t + , where n 0 , ..., n N is any sequence of natural numbers. All the arguments go through with obvious changes.
We have discussed several groups of results that play central roles in the theory of the von Neumann-Gale model. They will serve as reference points in our presentation of its stochastic analogue. Our general objective is to develop a stochastic version of the model in which these key results admit natural generalizations. To this end, we first have to define natural stochastic analogues of the main concepts: rapid paths, von Neumann ray, von Neumann equilibrium, etc. Definitions of these concepts will be given in the beginning of Part II of the paper.
II. STOCHASTIC ANALOGUE OF THE VON
NEUMANN-GALE MODEL
Model description
General (non-stationary) model
Let Ω be a non-empty set, F a σ-algebra of subsets of Ω, and P a probability measure on F. Let F 0 ⊆ F 1 ⊆ ... ⊆ F be a non-decreasing sequence of σ-algebras. Sets in F t are interpreted as events observable prior to time t. Vector functions of ω ∈ Ω measurable with respect to F t are construed as random vectors whose realizations become known by time t. For each t = 0, 1, 2, ..., we denote by L n 1 (t) the space L 1 (Ω, F t , P, R n ) consisting of (equivalence classes of) n-dimensional F t -measurable vector functions x(ω) with E|x| = E i |x i | < ∞. The letter E stands for the expectation with respect to the given probability measure P . We denote by L n ∞ (t) = L ∞ (Ω, F t , P, R n ) the space of essentially bounded functions in L n 1 (t) and by X t the cone of nonnegative elements in L n ∞ (t).
The stochastic analogue of the von Neumann-Gale model is specified by the family of cones Z t ⊆ X t−1 × X t (t = 1, 2, ...). A sequence of random vectors {x t } N t=0 , x t ∈ X t (N ≤ ∞), is called a path (trajectory) in the model if (x t−1 , x t ) ∈ Z t for all t. Equivalently, the model can be described by a family of multivalued operators x → A t (x) (t = 1, 2, ...), where A t (x) = {y : (x, y) ∈ Z t }. It will be assumed that A t (x) = ∅ for each x ∈ X t−1 , which means that the projection of the cone Z t on the first factor in the product X t−1 × X t coincides with X t−1 . As in the deterministic case, it is easily seen that the graph Z t of the operator x → A t (x) is a cone if and only if homogeneity and convexity conditions fully analogous to (1.8) and (1.9) are satisfied. Paths in the multivalued dynamical system under consideration are defined as sequences {x t } N t=0 , x t ∈ X t (N ≤ ∞) satisfying x t ∈ A t (x t−1 ) for all t. Clearly this condition is equivalent to (
One can have in mind the following fundamental example of the probabilistic structure underlying the model. Suppose ..., s −1 , s 0 , s 1 , . .. is a random process with values in some measurable space (s t is the "state of the world" at time t). Let Ω be the space whose elements are sequences ω = (. .., s −1 , s 0 , s 1 , ...) . Denote by F the σ-algebra defining the product measurable structure on Ω and by P the probability measure on F induced by the given stochastic process. Then F t (t = 0, 1, ...) is defined as the σ-algebra generated by the "history" 
.).)
In addition to the assumption that the sets Z t are cones, we will always suppose that these sets satisfy the following condition:
where 1 Γ is the indicator function equal to 1 on Γ and 0 outside Γ . If this condition holds, the cone Z t is called F t−1 -decomposable. This property expresses a possibility of choice between (x, y) and (x , y ) depending on information contained in F t−1 . A broad class of examples of F t−1 -decomposable cones is given by
where G t (ω) (ω ∈ Ω) is an F t−1 -measurable random closed cone 5 in R (iii) the set G t (ω) is contained in {(a, b) : |b| ≤ M |a|} where M does not depend on t and ω.
Stationary model
The stationary version of the stochastic von Neumann-Gale model is defined as follows. Suppose that, in addition to the above data, we are given a one-to-one 5 We say that G(ω) is a G-measurable random closed set in R k if the distance from any x ∈ R k to G(ω) is a G-measurable function of ω.
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mapping T : Ω → Ω (the time shift). The model is called stationary if the following invariance conditions hold: (Inv.1) The mappings T and T −1 are F-measurable and preserve the measure P , i.e., P (Γ ) = P (T −1 Γ ) = P (T Γ ) for each Γ ∈ F. (If these conditions hold, the transformation T is called an automorphism of the probability space (Ω, F, P ).) (Inv.2) We have
(1.50) (Inv.3) A pair of vector functions (x, y) ∈ X t−1 × X t belongs to the set Z t if and only if the pair (T x, T y) ∈ X t × X t+1 belongs to the set Z t+1 .
Here and in what follows, the letter T is used to denote both the transformation of Ω and the induced transformation (T x)(ω) = x(T ω) acting on functions of ω ∈ Ω. The transformation T may be thought of as a shift of the time scale one unit of time forward. By virtue of (1.50), a random variable ξ is F t -measurable if and only if T ξ is F t+1 -measurable. Condition (Inv.3), stated in terms of the cones Z t , can equivalently be formulated in terms of the operators A t (·) as follows:
( (1.54)
A balanced path (1.52) maximizing the expected logarithmic growth rate E ln α t (independent of t in view of stationarity) is called a von Neumann path. This trajectory is a natural stochastic analogue of a von Neumann ray. Conditions under which it exists will be discussed in Section 1.6. In the deterministic case (when Ω consists of just one element), the above notions coincide with those introduced in Part I of the paper.
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Von Neumann-Gale model Radner in his pioneering paper [50] considered a similar probabilistic notion of a von Neumann path in a stationary Markovian setting. An outline of related notions and results in a non-Markov model was given in Radner's paper [51, pp. 108-110] . The Markovian approach was further developed by Presman and Slastnikov [49] , see also Belenky [12] . Suppose the model is described in terms of a process . .., s −1 , s 0 , s 1 , . .. of "states of the world" (see 1.4.1) and the shift operator T is defined by s t (T ω) = s t+1 (ω). Then conditions (Inv.1) and (Inv.2) are fulfilled if the process {s t } is stationary. Condition (Inv.3) holds, for example, if the cones Z t admit a stationary normal representation for which p t−1 y t−1 = 0. Clearly the above definition generalizes its deterministic version given in 1.2.1.
The typical interpretation of {p t } in economic contexts is that of prices depending on the (random) state of the economic environment. A rapid path achieves the highest expected growth rate of the aggregate value p t x t . The fact that p t x t is supposed to be equal to 1 is just a matter of convenience; instead of the constant 1 we could take any constant, independent of time and of ω.
There are several equivalent ways to define a rapid path. It can be shown (see Evstigneev and Flåm [23, Proposition 2.2]) that if (1.56) holds, then condition (1.57), involved in the definition of a rapid path, can be replaced by any of the following requirements: 1.5 Key assumptions and results in the non-stationary case
Assumptions
We introduce the assumptions on the cones Z t (or, equivalently, on the operators A t (x) = {y ∈ X t : (x, y) ∈ Z t }) that will be used in the analysis of the stochastic version of the von Neumann-Gale model. When formulating results, we will specify what set of these assumptions is needed for one result or another. In hypotheses (Z.0)-(Z.4), the subscript t ranges over {1, 2, ...}. In (Z.4) and (Z.5), γ stands for some fixed strictly positive number.
(Z.0) If (x, y) ∈ Z t and λ is a F t−1 -measurable random variable with nonnegative real values, then (λx, λy) ∈ Z t , provided λx and λy are essentially bounded.
(Z.1) The set Z t is closed in X t−1 × X t with respect to a.s. convergence of sequences uniformly bounded in the norm || · || ∞ = ess sup | · |. 
( 1.61) Assumptions (Z.1)-(Z.5) are fully analogous to those we discussed in the deterministic case in 1.3.1. Condition (Z.0) is a version of the hypothesis of F t−1 -decomposability of the cone Z t (note that the random variable λ involved in this condition is not necessarily bounded). Assumptions (Z.0) and (Z.1) hold if Z t admits a normal representation (1.49).
As in the deterministic case, we will use additional requirements ensuring uniform strict convexity of the cones Z t .
(SC1) For each > 0, there exists a number ρ( ) > 0 having the following property. For any (x, y) ∈ Z t , (x , y ) ∈ Z t and Γ ∈ F t−1 satisfying |x| = |x | = 1 and |x − x | ≥ (a.s. Γ ), and there is a vector w ∈ X t such that (x + x , y + y + w) ∈ Z t and |w| ≥ ρ( ) (a.s. Γ ).
We write "a.s. Γ " if the property indicated holds almost surely on the set Γ .
(SC2) For any > 0, there is a number τ ( ) > 0 with the following property. If (x, y) ∈ Z t , (x , y ) ∈ Z t and Γ ∈ F t satisfy |x| = |x | = 1 and |y −y | ≥ (a.s. Γ ), then one can find a vector w ∈ X t for which (x + x , y + y + w) ∈ Z t and |w| ≥ τ ( ) (a.s. Γ ).
It is assumed that the numbers ρ( ) and τ ( ) involved in (SC1) and (SC2) do not depend on t and ω.
Consider the stochastic version of the nonlinear von Neumann model (see 1.2.2) given by
where the vector functions a) ), defined for a ∈ R Under assumptions (N.1)-(N.4) , the model defined by (1.62) 
satisfies hypotheses (Z.0)-(Z.5), (SC1) and (SC2).
Finite rapid paths
This section shows that finite rapid paths can be constructed by maximizing appropriately defined logarithmic functionals of their terminal states. Consider the class U t of real-valued functions ψ (ω, a) ≥ 0 of ω ∈ Ω and a ∈ R n + meeting the following requirements:
(ψ.1) For each a ∈ R n + , the function ψ (·, a) is F t -measurable, and for each ω ∈ Ω, the function ψ (ω, ·) is continuous.
(
3) and inequality (1.64) are supposed to hold for every ω ∈ Ω. From the nonnegativity of ψ and requirements (ψ.2), (ψ.3), it follows that the function ψ (ω, a), a ∈ R n + , is concave and monotone:
(1.65)
Since ψ (ω, a) is continuous in a and F t -measurable in ω, this function is jointly measurable in (ω, a). By virtue of (ψ.4), the expectation E ln ψ (x) is welldefined and takes values in [−∞, ∞) for any x ∈ X t . Furthermore, (ψ.3), (ψ.5) and (1.65) imply
Here, "x >> 0" means that every coordinate of the random vector x is greater than some strictly positive non-random constant. Examples of functions in U t can be constructed as follows. Let q (ω) and κ (ω) be nonnegative F t -measurable random variables with values in R n and R respectively, q (ω) being absolutely integrable. Let ν (a) be any norm in 
By 
Quasi-optimality of infinite rapid paths
Infinite rapid paths possess properties of asymptotic quasi-optimality generalizing the corresponding deterministic property (no path can grow "infinitely faster" in the long run). 
These properties follow from (1.69) and general results on supermartingalessee [46] . Clearly, |·| can be replaced in (1.69)-(1.72) by any other norm in R n , or by any measurable function ψ(ω, a) (ω ∈ Ω, a ∈ R n ) such that c|a| ≤ ψ(ω, a) ≤ C|a|, where c > 0 and C > 0 are non-random constants.
In [23, section 5] , an example was provided showing that (1.70) fails to hold if we replace in the definition of a rapid path the requirement p t x t = 1 by the 1.5 Key assumptions and results in the non-stationary case 29 assumption that {p t x t } is a martingale with Ep t x t = 1 and p t x t > 0. Such trajectories are not necessarily quasi-optimal in the sense of (1.70), although they maximize the expected growth rate in every period. Paths {y t } might exist that are "infinitely better" than {x t }, i.e., such that lim t→∞ (|y t |/|x t |) = ∞ (a.s.).
Turnpike theorems and infinite rapid paths
This section examines the qualitative behavior of rapid paths. It also establishes an existence theorem for infinite rapid paths in the general, non-stationary, case. The key results, the stochastic turnpike theorems, are analogous to their deterministic counterparts discussed in 1.3.3.
The formulation of turnpike results requires a specification of how to measure deviations between paths. With this view, for any x, x ∈ X t such that |x| > 0 and |x | > 0, we put 
.4 remain valid in the stochastic case (with pseudometrics d and D in place of d and D).
In the statement of this result references to hypotheses (SC1) and (SC2) should be replaced by references to their stochastic counterparts (SC1) and (SC2).
The main existence result for infinite rapid paths regarding the general, non-stationary, setting is as follows (see [ The existence proof relies on Theorem 1.5.1, which ensures the existence of finite rapid paths, and on the turnpike result, Theorem 1.5.4, which is used to construct an infinite rapid path by passing to the limit from finite ones. The question whether the existence part of Theorem 1.5.5 remains valid without assumptions (SC1) and (SC2) 
is said to form a von Neumann equilibrium if the following conditions hold: (a) the sequence
If the above requirements are met, {x t } is called an equilibrium path and {p t } an equilibrium dual path. The stationary process α 1 , ..., α t , ... is the sequence of random equilibrium growth factors. Dual paths of the form described in (b) are called balanced.
Under the assumptions we impose on the cones Z t , it can be shown [9, Section 3] that a triple (x, α, p) of the form (1.74) is a von Neumann equilibrium if and only if (x, αT x) ∈ Z 1 , |x| = 1, px = 1,
According to the above definition, a von Neumann equilibrium defines a balanced path growing at a stationary rate and a balanced dual path supporting it and decreasing at the same rate.
The existence problem for a von Neumann equilibrium
This problem is central to the theory under consideration. At present, two main results are obtained in this area. The first one assumes that a von Neumann path exists and establishes, based on this, the existence of a von Neumann equilibrium. To state the result denote by B the class of those pairs (x, α) which generate balanced paths, i.e. satisfy (1.54). Consider the variational problem:
Clearly the maximum in this problem is attained if and only if a von Neumann path exists. The following assertion is proved in [ We note that all the uniqueness assertions in the above theorem (and throughout the paper) are understood up to stochastic equivalence-random variables are supposed to be equivalent if they coincide a.s. The results contained in the above theorem are established in [28, Theorems 2.2, 2.3 and 3.3] . A version of Theorem 1.6.2 was obtained under more stringent assumptions in [22] (see also [24] ). It is clear that some assumptions like (SC1) and (SC2) are needed for the uniqueness of a von Neumann path. The question whether they are essential for its existence remains open. Theorem 1.6.2 has the following important consequence. Let {x t } be a von Neumann path. By its definition, it is optimal-in terms of the maximization of the expected logarithmic growth rate-in the class of all balanced paths. By virtue of Theorem 1.6.2, {x t } is rapid. Consequently, the quasi-optimality properties (1.70)-(1.72), and in particular the property sup t (|x t | / |x t |) < ∞ (a.s.), hold for any path {x t }. This means that {x t } is quasi-optimal almost surely in the class of all, not necessarily balanced, paths.
Randomization
We have seen that if a von Neumann path exists, then an equilibrium can be constructed under sufficiently general assumptions-see Theorem 1.6.1. The existence of a von Neumann ray is trivial in the deterministic case (see 1.3.5), but in the stochastic case it is currently established only under rather strong conditions (SC1) and (SC2) (Theorem 1.6.2) or in specialized models such as those we will consider in 1.6.4 and 1.7.2. A well-known way of dealing with existence problems of this kind is to introduce randomization. A classical example is the concept of a Nash equilibrium in mixed strategies. A whole range of similar notions and related results are known in control, optimization and games. We will show that by an appropriate extension of the model at handby introducing an auxiliary "sunspot" process-one can establish the existence of a randomized von Neumann equilibrium under general assumptions.
(1.72) leads to the following conclusion: for each randomized path {ξ 0 , ξ 1 , ...} in the model M, we have sup(E ln |ξ t | − E ln |ξ t |) < ∞. In this sense, {ξ 0 ,ξ 1 , ...} is quasi-optimal in the class of all randomized paths in M.
For a proof of Theorems 1.6.3, 1.6.4 and related results see [27] .
1.6.4 Von Neumann path, log-optimal investments and the numeraire portfolio
We outline an example that shows links between the theory of the von Neumann-Gale model and some fundamental concepts in Finance. In this subsection, we deal with a stationary (non-randomized) setting described in 1.4.2. As in 1.4.2, we are given a probability space (Ω, F, P ), a filtration The von Neumann path is determined by that (x, α) for which α = R 1 x, where E ln R 1 x ≥ E ln R 1 x for all x ∈ X 0 with |x | = 1. Thus x is a log-optimal portfolio (Kelly, Breiman, Cover and others)-see Algoet and Cover [3] , Hakansson and Ziemba [33] , Iyengar and Cover [35] and references therein.
The existence of a log-optimal portfolio follows from the fact that the functional F (y) = E ln R 1 y is concave and continuous with respect to a.s. convergence on the set {y ∈ X 0 : |y| = 1} (e.g. [7, Appendix III, Theorem 5] ).
By setting
−1 e, we obtain that {p t } is a balanced dual path supporting the von Neumann trajectory {x t } defined by x 0 = x, x t = α 1 α 2 ...α txt (t ≥ 1), wherē x t = T t x and x is the log-optimal portfolio. Indeed, p t x t = ex t = 1, and we have
for all (x , y ) ∈ Z t with |x | > 0. The fact that {p t } is a dual path supporting {x t } follows from (1.76) and from the equivalence of (1.57) and (1.58). Consequently, (x, α, e) is a von Neumann equilibrium.
Finally, by applying property (1.60) to (e i , R
This means that x is a numeraire portfolio in the sense of Long [39] . 10) . Also, we consider some applications to the modeling of financial growth.
Let (Ω, F, P ) be a probability space, and T : Ω → Ω its automorphism, i.e., a one-to-one mapping such that T and T −1 are measurable and preserve the measure P . Let D(ω) be a measurable function taking values in the set of nonnegative n × n matrices. Define
and C(0, ω) = Id (the identity matrix). Then we have
i.e., the matrix function C(t, ω) is a cocycle over the dynamical system (Ω, F, P, T ) (see, e.g., Arnold [8] ). 
where convergence is uniform in a ≥ 0, a = 0.
Stochastic version of the Perron-Frobenius Theorem and its applications 35
The above result may be regarded as a generalization of the PerronFrobenius theorem on eigenvalues and eigenvectors of positive matrices: x(·) and α(·) play the roles of an "eigenvector" and an "eigenvalue" of the cocycle  C(t, ω) 80) , the functions x(·) and α(·) are measurable with respect to the σ-algebras F 0 and F 1 completed by all sets of measure zero. From this it follows that we can select versions of x(·) and α(·) satisfying (1.79) which are F 0 -resp. F 1 -measurable.
Von Neumann-Gale systems defined by positive random matrices
Let (Ω, F, P ) be a probability space, F 0 ⊆ F 1 ⊆ ... ⊆ F an increasing sequence of σ-algebras and T : Ω → Ω a one-to-one mapping satisfying (Inv.1) and (Inv 2). For each t = 0, 1, ..., let D t (ω) be a nonnegative random n × n matrix measurable with respect to F t . Define 
This result is a consequence of Theorem 1.7.1; for details of the proof see [27] . 
In (1.85), α(ω) is the stochastic eigenvalue of D(·), whose existence follows from Theorem 1.7.1. Under the assumptions imposed, we show that E ln α(ω) > 0. Thus (1.85) implies that the portfolio process {h t } grows in the long run almost surely in every coordinate at an exponential rate! This result might seem counterintuitive at first glance because a fixed mix-strategy is self-financing and the asset prices S j t form stationary processes. For establishing the above fact, we use the assumption of non-degeneracy (ND) requiring some randomness, or volatility, of the price process. If this assumption is violated, then the market is essentially deterministic and the result ceases to hold. Thus, in the present context, the price volatility may be viewed as an endogenous source of financial growth. For an analysis of this phenomenon and proofs of Theorem 1.7.3 and related results see [16] , [17] and [26] . In the papers cited, more general models than the one considered here are examined. In particular the following generalizations are discussed: (a) asset returns, rather than asset prices, are stationary; (b) the price processes can be decomposed into a stationary component and a trend; (c) small transaction costs are present.
Asset pricing and hedging
Model description
We describe a model of a financial market aimed at asset pricing and hedging under transaction costs and trading constraints. Let (Ω, F, P ) be a probability space and let
be a sequence of algebras of subsets of Ω. It is supposed that F t contains events observable prior to time t. To simplify presentation we will assume in this section that the set Ω is finite (therefore we speak of algebras rather than σ-algebras) and P ({ω}) > 0 for each ω ∈ Ω. We will also suppose that F 0 is trivial, i.e. F 0 = {∅, Ω}, and that F contains all subsets of Ω.
One may think that there is a finite set of "states of the world," and at each time t = 1, 2, ..., N , any of these states can be realized. of dimension n t measurable with respect to F t (i.e., depending on s t in terms of the interpretation involving states of the world). The coordinate h i t of the vector h t stands for the number of units of asset i in the portfolio h t . We will assume in this context that admissible portfolios are nonnegative vectors, which means that short sales are prohibited. For a more general model, allowing short sales, see [18] . The set of all contingent portfolios (1.86), i.e., the cone of nonnegative F t -measurable vector functions of ω with values in R n t , will be denoted by X t (t = 1, 2, ..., N ) . For t = 0, we will write X 0 = R In the model, a sequence of cones Further, in the model we are given two cones
The (Recall that we write ≥ or ≤ between two vector functions of ω if the corresponding inequality holds for each ω and coordinatewise.) Finally, if there are no transaction costs (and short sales are not allowed) then K t = {(h t−1 , h t ) ∈ X t−1 × X t : S t h t ≤ S t h t−1 }, i.e., the cone K t is defined by the condition of self-financing. An example of rebalancing constraints under proportional transaction costs is given by (1.26) . Further examples will be considered later in this section.
Hedging problem and duality
The general question we are going to consider is as follows. Suppose a contingent claim v N ∈ V N is given. How can we characterize the set of initial endowments v 0 ∈ V 0 which enable an investor, by trading in the financial market, to obtain v To examine the hedging problem we use the framework of a stochastic von Neumann-Gale model. We observe that hedging programs may be regarded as paths (of length N + 2) in the stochastic von Neumann-Gale model defined by the sequence of cones W 0 , K 1 , ..., K N , W N . We will give an answer to the question about the characterization of the set Z in terms of dual paths in this model. In the current context, dual paths correspond to consistent price systems (cf., e.g., [55] } is a strictly consistent price system if q N > 0. Under general assumptions, the last inequality implies the strict positivity of all the components q t (t = 0, N ) and p t (t = 0, ..., N )-see Remark 1.8.1 below.
Suppose that all the cones K t , W t satisfy conditions (Z.0)-(Z.4). Note that convergence a.s. mentioned in (Z.1) is equivalent to convergence for each ω because P ({ω}) > 0 for all ω. A central result of this section, providing a solution to the hedging problem in terms of strictly consistent price systems, is as follows. Proof. Elements of the cones K t and W t are pairs of vector functions of ω, and since Ω is finite, these functions can be identified with finite-dimensional vectors. Thus the model can be reduced to a deterministic one (with portfolio dimensions depending on t-see Remark 1.3.3). In view of this, Theorem 1.8.1 follows directly from its deterministic counterpart, Theorem 1.3.7.
Remark 1.8.1. In the financial context, it is quite natural to assume that (e i , γe) ∈ K t for some γ > 0 (one unit of any asset can be exchanged to some positive amounts of all the assets). Suppose this condition holds and assume that the analogous condition holds for W t . By using these assumptions and (Z.0), it can easily be shown that all the components q 0 , p 0 , ..., p N , q N in a strictly consistent price system are strictly positive. Remark 1.8.2. The existence of consistent price systems is a consequence of the no-arbitrage hypothesis, which holds in the present context by virtue of condition (Z.2). For general no-arbitrage criteria in terms of consistent price systems and related notions see [18] , [37] and [55] . The set of all such portfolio pairs (h t−1 , h t ) will be denoted by K t . Here, d ji t (i = j) stands for the amount of currency i converted into currency j. The amount d ii t of currency i is left unexchanged. The first inequality in (1.88) is a balance constraint for the currency i: one cannot exchange more of it than one has at time t − 1 (no borrowing is allowed). The second inequality in (1.88) says that, at time t, the ith position of the portfolio cannot be greater than the sum The following theorem contains results regarding the currency market model. The model considered in this section is a version of the one proposed by Kabanov and Stricker [36] , [37] and [38] (in the Kabanov-Stricker setting, short sales and borrowing are allowed). The model we deal with and its versions are examined in detail in [18] , where a proof of Theorem 1.8.2 is given. The paper [18] deals with a more general framework, where portfolio positions are not supposed to be necessarily positive (short sales are not ruled out). The paper analyzes various examples that can be included into that setting, in particular, examples where transaction costs are specified by (1.26) . Although the framework in [18] is more general, the approach and the structure of the results are similar to those in the present survey, a key role being played by the von Neumann-Gale model.
